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Mathematical Determination of Stresses and
Displacements in Star-Perforated Grains

HOWARD B. WILSON JR.*
University of Alabama, University, Ala.

A mathematical method is presented for determining stresses in solid propellant rocket
grains due to pressurization, steady thermal gradients, and uniform propellant shrinkage.
The type of solid propellant grain considered is a long cylinder containing a longitudinal per-
foration with an arbitrary number of identical star points of general shape. The external
boundary of the propellant grain is bonded to a circular-cylindrical motor case. The pro-
pellant has constant mechanical and thermal properties and is in a state of plane strain.
Linear elasticity theory and complex variable methods are used to formulate a general stress
problem for a doubly connected region that has a star-shaped internal boundary and a circu-
lar external boundary and is subjected to steady thermal gradients and uniform boundary
pressures. This problem is solved approximately by considering a related problem for an in-
finite plane with a star-shaped hole. Effects of bonding the external boundary to an elastic
case are deduced approximately by superposition. A general stress program for a digital com-
puter is described, and example computations testing the validity of the assumed approxima-
tions are made. The method is found to provide a practical means of analyzing stresses in
solid propellant grains.

Introduction

THE analysis of stress concentrations in the propellant
grain of a solid propellant rocket motor under various

loading conditions is of considerable importance. Geo-
metrical complexities and time and temperature varying
physical properties of the material make exact determination
of these stresses very difficult. In analyzing such problems,
either mathematically or experimentally, simplifying as-
sumptions must be made which reduce the problem com-
plexity but still yield practical results.

This paper considers the determination of stresses due to
pressurization, steady thermal gradients, and propellant
shrinkage in case-bonded grains. It is assumed that the
propellant is in a state of plane strain, is linearly elastic, and
has constant thermal and mechanical properties. The solu-
tion presented is well suited for digital computer coding
and complete FORTRAN programs for the IBM 7090 have
been written.1- 2 The methods developed can be readily ex-
tended to include viscoelastic material properties.3

The type of motor considered has a long cylindrical case
filled with a solid propellant which is bonded to the case and
contains a perforation along the longitudinal axis of the case.
The geometrical configuration of the propellant cross section
has a circular external boundary and an internal boundary
consisting of an arbitrary number of identical and symmetri-
cal star points of general shape. The shape and number of
the star points depend on the required thrust program for
the motor.

The assumed boundary loading consists of uniform pres-
sure at the internal boundary of the grain with the external
boundary being either bonded to the motor case or uniformly
pressurized. Steady thermal stresses due to different con-
stant internal and external temperatures are also determined.
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with propellant shrinkage effects being included as a par-
ticular instance of the thermal stress problem.

Extensive photoelastic investigations on elastic media have
been made to evaluate propellant grain stress concentra-
tions due to pressurization and uniform temperature
change.4"6 A mathematical study of stresses due to internal
pressure in a grain with four star points was also made previ-
ously by this author,7 and close agreement between the
theoretical and photoelastic results was shown in Ref. 6.
The present paper significantly extends and generalizes
Ref. 7 to account for arbitrary grain geometry, temperature
and shrinkage effects, and effects of pressurization.

The analysis employs complex function theory and is
based on determination of two functions analytic in an annulus
and satisfying two boundary-value equations related to
stress conditions on the internal and external boundaries
of the propellant grain. It is shown that, by considering a
related stress problem for an infinite plane with a star-shaped
hole, the stress conditions for the internal boundary of the
grain can be exactly satisfied, with the external boundary
conditions being satisfied except for small residual stresses
that have a negligible influence near the internal boundary
where accurate stress determination is most important. The
effect of bonding the external boundary of the grain to an
elastic case is determined by a superposition procedure
similar to that developed in Ref. 7.

Example computations are presented for thermal stresses
in a typical six-pointed grain configuration having zero applied
boundary loading. It is found that the approximate method
for satisfying the boundary conditions yields good results
unless the web fractiont is small.

Although determination of stresses in star-perforated pro-
pellant grains is of principal interest here, it should be men-
tioned that the solution is obtained in terms of a general
mapping function pertaining to a doubly connected region
with a circular external boundary and an internal boundary
consisting of an arbitrary number of identical and sym-
metrical parts. In addition to star-shaped configurations,
this geometry also includes other common shapes such as
rectangles and equilateral triangles with straight or arbi-

f The web fraction is defined as the grain thickness along the
star-point bisector divided by the radius of the outer boundary.
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trarily rounded corners. Thus, one could treat by exactly
the same method, for instance, stress problems for a circular
cylinder containing a square hole.

Complex Variable Formulation of the Stress
Problem

It will be assumed that an annulus in the f plane can be
mapped onto the stressed doubly connected region in the
z plane by a function of the general form

(1)

where m is an arbitrary integer, the Cn are real constants, and
p is the number of symmetry axes of the geometry.8 The
required mapping function will be considered known. An
accurate general method for determining the mapping
function for a geometry of this type is developed in Refs.
1 and 2. The mapping correspondence defined by co(f) is
illustrated in Fig. 1 by an example from Ref. 1 for p = 6 and
m = 49. This same configuration is employed in the ex-
ample stress computations presented below.

The mapping function defined by Eq. (1) transforms the
circle |f| = b into a contour that deviates slightly from a
circle, but this deviation is insignificant in most instances.
A measure of the deviation is given by the ratio

/ = [«(&) - (coC&e'Vp)!]/^)

Typically, for the geometry in Fig. 1 and web fractions of 19
and 50%, the values of / were found to be 0.0106 and 0.003,
respectively. It will be assumed below that, for all practical
purposes, |f | = 6 maps into a circle.

The stressed region will be designated as R with the applied
uniform internal and external boundary pressures being P0
and Pi, respectively. The internal and external tempera-
tures will be similarly denoted by UQ and U\. The region
will be assumed unstressed for zero boundary pressures and
zero reference temperature. The condition of uniform ex-
ternal pressure will be modified later by superposition to
account for an elastic case.

Under the transformation given by Eq. (1), the system
of circles and radial lines about the origin of the f plane maps
into an orthogonal curvilinear coordinate system in the z
plane. It is well known that, in the absence of thermal
effects, the stresses and displacements relative to the curvi-
linear coordinate system in R can be determined in terms of
two complex stress functions <pi(f) and ^i(f). Furthermore,
problems involving steady thermal gradients can be reduced
to associated problems with thermal effects excluded and
modified boundary conditions.9 In the absence of thermal
effects, the stresses and displacements relative to the curvi-
linear coordinate system are given by

The boundary conditions on R can be expressed in the form

F,i5;;f) + Mf)]
(3)

and

->]
(4)

where crp, <re, and <rpQ are the curvilinear stress components,
up and UQ are curvilinear displacement components, /z is the
shear modulus, and x — 3 — 4*> for plane strain, with v being
Poisson's ratio.

(5)

where t denotes the complex variable on either boundary
of the annulus 1 < |f | < 6, N and T are boundary normal
and shear stresses, and k, are constants generally different
for each boundary of R. In the problem considered here,
the kj can be taken equal to zero.

Plane problems involving steady thermal stresses can be
reduced to associated problems excluding thermal effects9 by
taking the Cartesian displacement components in the form

UT + WT = % •+ ivi + u* + iv* (6)
where UT -\- ivT denotes the total displacement due to the
combined effect of thermal gradients and boundary loading,
HI + ivi denotes a modified displacement function, and u* +
w* denotes an effective thermal displacement function cor-
responding to zero stresses and is defined by

v)afG(z)dz (7)
with a being the coefficient of thermal expansion and G(z) an
analytic function with its real part equal to the steady tem-
perature distribution in the region of interest. It is evident
that, for a given temperature field, G(z) will be determined
within the limits of a pure imaginary constant. Further-
more, changing G(z) by an imaginary constant and adding an
arbitrary complex constant to the right side of Eq. (7) only
changes u* + iv* by an insignificant rigid body displace-
ment. Thus, problems involving steady thermal gradients
can be reduced to associated problems involving the actual
stress components and the modified displacements u\ + ivi.
The associated problem can be solved by complex variable
methods.

The steady temperature field in R, because of constant
internal and external temperatures UQ and C/i, can be written
as a function of f as

r fTJ TT \ -i
(8)= Re\l

It then follows that, when Eq. (7) is expressed in terms of
by means of the mapping function, use of Eq. (8) yields

;„* =

(1 + - C/o)
ln(&) ln(f) -

1 < |f| <b (9)
Because of the term «(f) ln(f) in Eq. (9), u* + iv* is a multi-
valued function.

The solution of the stress problem can now be reduced to
determining two stress functions <pi(f) and ^i(f), which
are analytic for 1 < |f| < 6, give normal stresses of — P0
and —Pi for |f| = 1 and |f| = 6 , respectively, and give
multivalued displacements u\ + iv\ which, when added to
u* + iv*, yield the total displacements that must be single-
valued.

For a counterclockwise circuit about f = 0, u* + iv*
undergoes a change:

1 < I r l <b (10)
Therefore, it follows from the Cartesian form of Eq. (4) and
from Eq. (6) that
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must undergo a change which cancels that given by Eq. (10).
The necessary multivalued behavior of HI + ivi can be ob-
tained by taking ^(f) and 1̂ 1 (f) in the form

ln(f)
(12)

where <£>(£") and \^(f) are single-valued functions expandable
in Laurent series about f = 0. The constant K is given by

K = - i/) ln(6) (13)
Since the boundary loading consists of uniform internal

and external pressures P0 and PI, respectively, it follows from
Eq. (5) that

w (f y)

J = 0, 1 (14)

where fy = pj-a, a = eie, p0 = 1, and pi = 6. Then, with the
use of Eqs. (12), the boundary conditions satisfied by
and \f/(f ) are found to be

j = 0, 1 (15)

It is convenient to think of a stress problem pertaining
to the functions <p(f) and ^(f) and the boundary equations
(15). It follows from Eq. (5) that the boundary stresses in
this problem are given by

N, 2K In | ft + K _

K

= 0, 1 (16)
Because of the symmetry of the boundary loading,
^(f ) will have the following series forms :

<b

and

(17)

and
n= oo

— V~~ 2L>
n= — c

1 < I f l <b (18)

where the an and &„ are real.
When <p(£) and ^(f) have been evaluated by some means,

the stresses are obtained by substituting Eqs. (12) into
Eqs. (2) and (3). This yields

and

[W ~ ̂  -P'«'(f) ̂  «'«•)

(20)

where K is denned by Eq. (13), and the superscript T7 denotes
total stresses. Similarly, the total displacements are ob-
tained by combining the displacements from Eq. (9) with
those resulting from the substitution of Eqs. (12) into Eq.
(4). Some reduction gives

K(\ + K) n=
2M E

n = 0

K co(
~r ^~ -

ln(p) + X

,
"T

co'(f)
/01x(21)

where superscript T7 denotes total displacement.
Two infinite systems of simultaneous equations can be ob-

tained for the coefficients an and bn in the series expansions
of <p(£) and ^(f) by expanding co/w' and the right sides of
Eqs. (15) into power series, inserting the power series for
<p(£) and ^(f), and comparing coefficients of corresponding
powers of a. The necessary term by term multiplication of
power series will be assumed permissible. The validity of
(p(£) and ^(f) determined in this manner can readily be
checked by verifying that these functions yield the required
boundary stresses.

Consider the expansion of co/co' into a power series on a
contour |f | = p > 1. It follows from the assumed con-
formality of the mapping and the form of Eq. (1) that the
co/ ai' can be expanded as

3 = 0, (22)
n = — m

Cross multiplication by U'(PJO-) in the last equation and com-
parison of coefficients of corresponding powers of a give a
system of simultaneous equations for determination of
Kn®. This system is triangular, and the KnV> can be deter-
mined successively in the order K(-mj K-ln+i, . . . . It is
found that

1 r

= TTu° L
n = m, m - 1, . . . , 0 (23)

For n = m, the summation terms on the right side of Eq.
(23) are to be taken as zero. For positive orders, the KnW are
given by

i t =
n = 1, 2,

(24)

Similarly, the function coco/fco' can be expanded in the
form

(25)

Substitution of Eqs. (1) and (22) into Eq. (25) then shows
that

and
n = w, m - 1, . . . , 1, 0 (26)

n =1,2, . . . (27)



1250 H. B. WILSON JR. AIAA JOURNAL

'It follows from the preceding results that Eq. (15) can be
represented in the general form

j = 0, 1 (28)

where, for the case considered here, the An
(^ are zero for n <

—m. When the series expansions of <p, \f/} and co/oj' are
substituted into the last relation, comparison of like powers
of cr yields

ZuiP/"-1 = A(i\ j = 0, 1 (29)

Furthermore, when the equation for j = 1 is multiplied by
pli-nP anc[ js subtracted from the equation for j = 0, the
following infinite system of simultaneous equations results
for determination of the coefficients an :

fln(l - + [1 + (n + X

- oo < n < (30)

where use has been made of the fact that p0 = 1 and px = b.
In applied problems, it is often found that such a system

of equations can be solved approximately by taking all the
an to be zero except for n in some range — n0 < n < nL where
n0 and rii are large integers. Solution of the truncated system
of equations gives approximate values for a_no, . . . , a0, . . . ,
ani. If the infinite system of Eqs. (30) has a solution, the
accuracy of the approximate values computed for the an
from the truncated system should improve with increasing-
no and HI (see Chap. 1 of Ref. 8). The rate of improvement
will, of course, depend on the rapidity of convergence of the
function <p(£). It has been found for a case where p = 4,
m = 3, and b = 2.5244 that such a system could be solved
effectively without retaining a large number of terms.11

The relative magnitudes of the matrix coefficients were such
that the an for positive values of n were essentially inde-
pendent of those for negative values of n. This made it
possible to solve for the an without matrix inversion.

The effectiveness of the procedure employed in Ref. 11
depends on the rate of convergence of the mapping function
and the magnitude of 6. The convergence rate of ^(f) ap-
pears to increase with increasing b and decreasing m. In the
problems of interest in this investigation, a mapping function
of more than one hundred terms may be necessary to acquire
the desired mapping accuracy. It seems likely that slow
convergence of o>(f) will also be accompanied by slow con-
vergence of <p(f), and it may be necessary to consider trun-
cated systems of prohibitively high order if reliable approxi-
mations are to be obtained for the coefficients an.

A different approach is presented below which permits
precise satisfaction of the internal boundary condition while
giving an approximate satisfaction of the external boundary
condition with the accuracy of the approximation improving
as b increases. This solution is based on consideration of an
infinite plane having a star-shaped perforation. The plane
is subjected to a uniform stress at infinity and a perforation
boundary loading corresponding to Eq. (16) for j = 0. This
problem is solved exactly, and the stress at infinity is adjusted
so that, on the circle |f | = 6 , Eq. (16) for j" = 1 is satisfied
except for small residual stress differences that decrease with
increasing b.

In the analysis, it is assumed that b is large enough so that
the following approximations are valid for |f | > b:

= C«f + = Coper + (31)

1
c.

(p - l)Ci __ _
-~~

(32)

(33)

Then the boundary stresses corresponding to Eq. (16) for
.7 = 1 are found to be

1 + iT, = 2K ln(6) - + K +
[Kp(p + (34)

The stress functions for an infinite plane with a star-shaped
perforation subjected to the assumed boundary stresses and
a uniform tension S at infinity can be taken in the form

and

= E

(35)

(36)

where the an and bn are real. Substitution of Eqs. (22, 25,
35, and 36) into Eq. (15) for j = 0 followed by comparison
of like powers of cr shows that

On + Q-n =

am =
an = 0

1 < n < m — 1

n > m + 1

(37)

where

- V n > 1 - m (38)

The finite set of linear simultaneous equations (37) can be
solved for the a», and determination of <p(£) is complete.

The function t/HD can be evaluated in terms of <p(f) by use
of Eq. (15) forj = 0. Conjugation of this equation followed
by a Cauchy integration around the unit circle shows that

1 <p(<r}d(T
v cr -

_ CO(Q-) <p'(cr)d(T
w'((7)[cr - f]

2iri J y cro/(cr) [or —

and evaluation of these integrals yields

O
2iri

(39)

= -,(0-
K G)-Poco - (40)

Alternately, \f/(f) can be expressed in series form as

~nP (41)
n = 0

where the last equation follows from the series expansion of
Eq. (15) for; = 0.

This completes the solution for the infinite plane with a
star-shaped hole. Stresses and displacements can be com-
puted from Eqs. (19-21). It now remains to adjust the
stress value S at infinity so that the conditions on the ex-
ternal boundary of R are approximately satisfied. It will be
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assumed that, for p > b, the following approximations are
valid:

= oof

+

(42)

(43)

(44)

It can be shown that, when terms of the order | f 1 1 ~ 2 p are
neglected, the following asymptotic relations for total stresses
and displacements are obtained from Eqs. (19-21):

cos(p6)

Co

L -r * un.p;j -

Kp(l + £

•+p)al
 c°(1

r o -r Ĉo
>)Ci /Sf(l -

- P)CA,-
Co2

T

P)(24
2C0

+ —

- p)Ci

+ p)bip~2~\
Co J

TT(ff) = p-" i
Kp(\ Sp(l -

(1 -
C0 2C0

-* , (1 + p)blp-
C0 Co2 Co

XpCo ln(P)

(45)

(46)

4 M
(x - l)SCop &OP ] [

"" 2ju J

cos(pd) - +
KC, ln(P)

^Ci(% + p2) pSCi (K -

-P^sm^)[ P < 7 - x ) « :

1 + p)ai bip~2~]

UoCi pKCi ln(p)
M

+ % - %p)^d

(47)

2(1 - p)/* 4/i
(K + 1 — p)a>i _ (1 — p)C1b0p- (48)

The constants 01, 60, and 61 depend linearly on K, S, and P0.
For | f | = 6 , the required stress conditions should be NT(6) =
— Pi, TT(d) = 0. It can be seen from Eqs. (45) and (46)
that this is satisfied approximately by choosing S so that

8+ (W-2/Co) = -Pi + K[l + 2 ln(6)] (49)

Then an exact solution is obtained for stresses in a doubly
connected region having constant internal and external tem-
peratures Uo and Uij respectively, and boundary stresses of
the form

m = (50)

and
^ + iTl = -Pi + b~p[A* cospd + iB* si

I f l =b (51)

When b is sufficiently large, the sinusoidal stress components
in Eq. (51) become small, and the external stress is essentially
uniform.

Analysis of Case-Bonded Grains

The preceding stress relations can be employed to deduce
by superposition the effect of bonding the external boundary
of the propellant grain to an elastic case.

When the stress S is chosen arbitrarily, a solution is ob-
tained for stresses and displacements in a doubly connected
region subjected to steady thermal gradients, a uniform in-
ternal pressure P0, and external stresses and displacements
closely approximated as

N + iT = A + B cos(pd) + iC sin(p0) (52)
and

ur + iue = D + E cos(p6) + iF sin(p0) (53)
where the constants A through F depend linearly on P0, K,
and S. In the last two equations it is assumed that | f | = b
maps essentially into a circle so that the external boundary
stresses and displacements may be regarded as components
referred to polar coordinates (r, 6). The coefficients of
the sinusoidal terms are generally small in comparison to
the constant terms, except when b is nearly equal to one.

If the sinusoidal terms in the last two equations are negli-
gible in comparison with the constant terms, as often happens
for practical grain configurations, it is possible to deduce the
effect of case bonding. Let u\ and k\ denote, respectively,
the values of A and D for P0 and K arbitrarily fixed and for
S = 0. Similarly, let u<i and kz denote the corresponding
quantities for P0 = K = 0 and S = 1. Then superposition
gives for the external boundary of the propellant grain

N = ki + (54)
Now let a circular ring that is in plane strain with internal
and external radii El and RI, respectively, be subjected to
an internal radial stress N and a temperature change Ui.
The resulting internal displacement1 is

(23
4(5 - 1)/ZC

~ACN (55)
where 8 = R^/R^} /zc and KC are elastic constants of the
ring, and ac is the coefficient of thermal expansion. Then
it is found from Eqs. (54) and (55) that, in order for the
displacements on the external boundary of the grain to
match with the internal displacements in the case, the stress
at infinity must be given by

S = (1 + ~ ui - kiAc (56)

This stress at infinity simulates the effect of a case. Stresses
and displacements for the case-bonded grain can then be
computed from Eqs. (19-21) with 1 < |f | < b.

If the sinusoidal terms in Eqs. (52) and (53) are not negli-
gible, then the superposition procedure must be modified.
Let a circular ring be loaded by an internal stress distribution
of the form given by Eq. (52). The resulting internal
boundary displacements are of the form

iu0 = Dc Ec iFc (57)
where DC} Ec, and Fc depend on A, B, C, RI, R2 and the ring
elastic properties. Explicit expressions for Dc, Ec, and Fe,
along with special approximate forms valid for small ring
thickness, are obtained in Ref. 1.

Let the constants P0, K, S and the propellant elastic
properties be fixed so that all parameters in Eqs. (52) and
(53) are determined, and consider the problem of regulating
the thickness and elastic properties of the ring such that the
ring and propellant grain displacements correspond closely.
If the propellant and ring displacements are required to coin-
cide for 6 = 0 and 6 = w/p, it follows from Eqs. (53) and (57)
that

D = Dc E = Ec (58)

If these two relations are satisfied, then the case and pro-
pellant displacements will agree exactly, except for the differ-
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Fig. 1 Mapping correspondence for a solid propellant
grain.

ences of the tangential displacement components which are
usually small compared to the normal components. When
Poisson's ratio for the case is selected, Eqs. (58) can be
solved simultaneously for the case thickness and elastic
modulus. Various combinations of case properties can be
computed by choosing different values of S. Although this
method has the disadvantage of not permitting independent
specification of all case properties, it was shown in Ref. 7 that,
for an internally pressurized grain with four star points,
realistic combinations of case parameters could be computed
in this manner. Assuming that practical combinations of
case properties can be obtained, a further check on the validity
of the superposition procedure should be made to ascertain
that the computed differences of circumferential displace-
ments in the case and the propellant grain are negligible.

Numerical Computations

A digital computer program based on the preceding analysis
was written to determine stresses in a propellant grain sub-
jected to steady thermal gradients, internal pressure, and
either external pressure or case bonding. J The program in-
put parameters are the coefficients Cn in Eq. (1) which define
the internal geometry, the outer radius of the grain, the
physical properties of the propellant, the boundary tem-
peratures and pressures, and the case thickness and physical
properties if a bonded grain is considered. The case super-
position was made under the assumption that Eq. (56) is
valid. The uniform propellant shrinkage problem can be
treated as a special thermal stress problem by taking U0 =
Ui with the product of the thermal expansion coefficient of

0.40

0.30

D
i

^5

I

FOR 50% WEB FRACTION

- -cre FOR 19% WEB FRACTION

0.25

0. 15

JO 0 .10

0.05

0

-0.05

Fig. 2 Stresses on the external boundary of a thermally
stressed propellant grain.

Of FOR 19% WEB FRACTION

CTf>& FOR 19% WEB FRACTION

the grain and the grain temperature equal to the negative
of the unit strain due to shrinkage. The grain must, of
course, be case bonded in order for shrinkage stresses to result.

In the approximate solution of the propellant grain stress
problem for a doubly connected region by consideration of
a related problem for an infinite plate with a perforation, the
accuracy of the approximation improves with increasing web
fraction. The two factors of primary importance in testing
the validity of the approximations are, first, how nearly the
curve | f | = b maps into a circle and, second, how closely the
external boundary stresses given by Eq. (16) for j = I and
the stresses on a related contour in the infinite solid coincide.
To examine these factors, example computations are pre-
sented below for thermal stresses in an unpressurized, un-
bonded grain with the internal geometry from Fig. 1 and web
fractions of 50 and 19%.

A fifty-term mapping series yielded a very accurate map
except for some rounding of the inverse star points not existing
in the actual geometry. However, it is shown in Refs. 1 and
2 that this rounding can be reduced by increasing the number
of terms in the mapping function.

It is evident from Eq. (37) that <p(£) is a finite polynomial
of ra + 1 terms. The function ^(f) can be expressed as a ra-
tional function by Eq. (40) or as an infinite series by Eq.
(41). Although the rational function expression for ^(f)
is exact, it is not well suited for numerical computations un-
less |f| = 1, because coG""1) and ^(f"1) may be complex
numbers of very large absolute value when | f j > 1. For
this reason, Eq. (41) was employed. The series for ^(f) was
truncated after one hundred terms. This approximation re-
sulted in small normal stresses at the internal boundary.
However, the magnitude of these stresses was only about
0.5% of the corresponding circumferential stresses. This
error was considered negligible, but it could have been
further reduced by increasing the number of terms retained
in the series for \f/(f).

It was shown previously that, for the geometrical con-
figuration in Fig. 1, the deviation of the external boundary
from a circle is insignificant at least down to web fractions
of 19%. The stresses computed for | f ) = b agreed closely
with the form indicated by Eq. (52). The dependence of
A, B, and C on the parameters K and S is indicated in Table 1.
The relative magnitudes of the constant and sinusoidal terms
are also shown. The pressure P0 does not enter, since it was
taken equal to zero. The value of S necessary to cancel the
uniform component of external normal stress is evidently
equal to —Ak/A8, where Ak denotes the value of A for K = 1
and S = 0, and A, denotes the value of A for K = 0 and S =
1. There then remain certain residual sinusoidally varying
normal and shear stresses on the external boundary.

19% WEB FRACTION

50% WEB FRACTION

£

IT0-6

t The necessary programs were written by C. C. Fretwell,
Department of Theoretical and Applied Mechanics, University
of Illinois.

10 15 20 25

Q, degrees

Fig. 3 Circumferential stresses on the internal boundary
of a thermally stressed propellant grain.
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Table 1 External boundary stresses

Web
fraction

0.19
0.19
0.50
0.50

K

1
0
1
0

s-
0
1
0
1

A

-1.8570
0.6693

-2.4240
0.7846

B

-0.2058
0.1032

-0.0650
0.0325

C
-0.2049

0.0826
-0.0628

0.0252

B/A

0.111
0.154
0.027
0.041

C/A
0.110
0.124
0.026
0.032

The residual stresses, as well as the circumferential stresses
at the external boundary, are shown in Fig. 2. For a 50%
web fraction, the magnitudes of the residual normal and
shearing stresses were found to be everywhere less than 3%
of the corresponding circumferential stresses and are not
included in the figure. These residual stresses should give
only a small error in circumferential stresses computed at the
outer boundary and a completely negligible effect at the in-
ternal boundary where accurate stress determination is most
important.

For a 19% web fraction, the residual external boundary
stresses were not small. It can be seen from Fig. 2 that in
this instance the magnitudes of the ap and crpe components
were as large as 9% of the corresponding <?e components.
These residual stresses certainly do not have a negligible
effect at the external boundary. However, it may still be
possible that they have only a slight effect on the stresses
at the internal boundary.

It is interesting to compare the circumferential stresses
in Fig. 2 with corresponding stresses in hollow cylinders of
the same web fraction. By use of the hollow cylinder ther-
mal-stress solution given in Ref. 10, it is found that the ratios
of the external circumferential stress in the propellant grain
to the external circumferential stress in the cylinder are
equal to 0.895 and 0.792 for web fractions of 50 and 19%,
respectively.

Figure 3 shows the circumferential stress distribution at
the internal boundary of the propellant grain caused by
thermal gradients, zero internal pressure, and the residual
external normal and shear stresses. As was expected, the
internal boundary stresses are greatest near the star tip and
become almost zero at the inverse star tip.

Table 1 can be employed in solving a problem for a pro-
pellant grain subjected only to uniform external pressure.
This corresponds to the instance where K — PQ = 0, and S
must be chosen to simulate the desired external boundary
stress. It can be seen from Table 1 that the external bound-
ary stresses will not actually be uniform because of the
presence of the sinusoidal terms involving the constants B
and (7, and these terms will cause some error in the stresses
computed at the internal boundary of the grain. A rough
estimate of the magnitude of the error can be obtained by
considering the error in the internal boundary stress for a
hollow circular cylinder of the same web fraction. For
cylinders with 19 and 50% web fractions, the respective ratios
of thickness to internal radius are 0.235 and 0.5. If, instead
of a uniform external pressure, these cylinders are subjected
to external stresses according to the second and fourth entries
in Table 1, the corresponding errors in maximum circum-
ferential stresses at the internal boundary are found from
elementary stress relations for a circular ring to be 12.1 and
1.2% for web fractions of 19 and 50%, respectively.

Conclusion

A practical theoretical method has been presented for de-
termining stresses and displacements in star-perforated solid-
propellant grains caused by pressurization, steady thermal
gradients, and shrinkage. The only limitations on the method
are that the geometry must be describable by a mapping
series with a reasonable number of terms and that the web
fraction must be sufficiently large so that the approximations

made concerning external boundary stresses are valid. In
the instance where the web fraction is small, the problem
still can be treated by solving the infinite system of Eqs.
(30). It might then be more efficient to follow a com-
pletely different approach whereby the internal boundary
conditions are satisfied identically and the external boundary
conditions are satisfied pointwise as indicated in Ref. 12.
Yet another method of solution could be based on represent-
ing the two complex stress functions in terms of Cauchy
integrals containing a single unknown density function gov-
erned by a certain integral equation (see article 102 of Ref. 9).
However, solving the integral equation and evaluating the
stresses and displacements would be difficult.

The author believes that the theoretical method presented
here possesses advantages over experimental methods since
the required computations are no more expensive, and the
theoretical method can readily be extended to account for
viscoelastic effects. Furthermore, the analytical method
is faster once a general computer program has been written.

In closing, mention will be made of a related propellant
grain stress problem that is also of considerable practical
importance. This is the problem of determining stresses
due to transverse acceleration loading in case-bonded grains.
In Ref. 1, a formulation of this problem is given for the in-
stance of a rigid case. The analysis is reduced to considera-
tion of infinite systems of simultaneous equations that can
be treated by approximate methods.
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